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Abstract 

We study the quantum N = 2 super-W 3 algebra using the free field realization, which 
is obtained from the supersymmetric Miura transformation associated with the Lie super- 
algebra v4(2|l). We compute the full operator product expansions of the algebra explicitly. 
It is found that the results agree with those obtained by the OPE method. 
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jy-algebraic extensions of the N = 2 superconformal algebra [[TJ have attracted much 
interest in the context of conformal field theoriesffj, topological ly-gravitiesQ] and 
more recently in non-critical VV-strings||]. There are at least two approaches to study 
quantum iy-algebras0. One is based on the OPE method[0], in which VT-algebras can be 
constructed by requiring the associativity and closure of the algebra. The other approach 
is the free field realization^, in which the generators are expressed by free fields through 
the quantum Miura transformations. In this approach the closure of the algebra is not 
obvious at quantum level, in particular for the VT-algebras associated with non simply 
laced Lie algebra 0. 

In the case of N = 2 super-iy algebras, it has been understood that the free field 



realization can be obtained from the quantum hamiltonian reduction [IU| of affine Lie 
superalgebras A(n\n — P, §]. The classical Poisson brackets structure in the case of 
A(2| l)*- 1 ^ has been studied by using techniques such as the super Gel'fand-Dickii bracket 
|TT| and Polyakov's soldering procedure |I2"|, In the quantum case, the full algebra has 
been presented by using the OPE method 0, 15]. In the free field approach, however, 
only some of the operator product expansions have been calculated 0. 

In this letter, we study the free field realization of N = 2 super-PL^ algebra and 
compute the full operator product expansions. We find that the present free field approach 
gives the same algebra as the one obtained by the OPE method. 

We begin with the supersymmetric Miura transformation based on a Lie superalgebra 
A{n\n — 1) = sl{n + l\n). We take the purely odd simple root system {a±, . . . ,«2n}, 
with the Cartan matrix ojj • ctj = (— Let {Ai,...,A2 n } be the fundamental 
weights of A(n\n — 1) satisfying ai ■ Xj = 5ij. Denote N — 1 super-holomorphic coordinate 
by Z = (z,9) and a super-derivative by D = J| + 90 (d = 4A. We introduce 2n free 
bosons (f)(z) = ((fii(z), . . . , (f>2 n (z)) and real fermions ip(z) = {jpi(z), . . . , ip2n(z)) satisfying 
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the operator product expansions (OPEs): 

S- 

(j)i{z)(j)j{w) = -8ijh\{z- w) + ..., ^i(z)^j(w) = - ^ + ... . (1) 
Define the scalar superfields by &{Z) = <j)(z) + i9ip(z). The A(n\n — 1) super Miura 



transformation |T6| is defined as 

2n+l 

D 2n+x + W^Z)(aD) 2n+1 -* =: (aD-Q 2n+l (Z))(aD-Q 2n (Z)) ■ ■ ■ (aD-Q x {Z)) :, (2) 

i=2 2 

where Qi(Z) = (— l)* _1 (Ai — Aj_i) • D§(Z) (X = \ 2n +i = 0) and a = — ia + . The symbol 
: : denotes the normal ordering. The currents Wi/2(Z) (i = 2, . . . , In + 1) generate the 
N = 2 super W n+ i algebra. In the following we consider the case n = 2 and use the 
component formalism. Let us define bosonic and fermionic VT-currents as follows: 

Wi{Z) = J(z)+i6[G + (z) + G-(z)], 

Ws(Z) = a[\G~{z) +6T(z)\, 

W 2 {Z) = W 2 {z) + \d[W + {z) + W-{z)l 

Ws(Z) = a[iW-(z) + 6W 3 (z)}. (3) 

It is convenient to introduce complex bosons <fi(z), (pi{z) (i = 1, 2) and complex fermions 
Xi(z), Xi{z) (i = 1, 2) by <p { = X 2i ■ <p(z), (pi = a 2i ■ <p(z), Xi = A 2 i ■ ip(z) and Xi = "2i • ip(z). 
From the Miura transformation (|^), we find that the generators of the N = 2 super- W3 
algebra are given by 

J = Ui + U 2 - ad<f 2 , 

G^ = Gri -\- G^ - , 

G~ = Gi +G 2 - adx2, 

T = T x +T 2 -ad 2 (p 2 , 

W 2 = a 2 dU l -ax2Gt + U l U 2 -a 3 d 2 <f 2 -adip 2 U 2 , 

W + = a 2 dG+ + ad<f 2 G+ + U 2 G+ + U x Gj -ad<f 2 G+, 



W~ = a 2 dG^ -a 3 d 2 X2 + U 2 G^ + U l G 2 +ax2T l -ax2dU l -aU 2 dx2-ad^ 2 G 2 , 
W 3 = a 2 dT x + U 2 T 1 + T 2 U X - G\G\ - GfG 2 + ad(p 2 T x - ad<f 2 T 2 

—adtp 2 dUi — ax 2 dGf — adx 2 G 2 — ad 2 (p 2 U 2 — a 3 d 3 ip 2 , (4) 

where U t = XiXi ~ adfa - Gf = Xid<fi + adxi, G~ = ~Xid(fi - adxi and % = 
—difidffi — Xidxi — ad 2 (pi for i — 1,2. T(z) denotes the twisted energy-momentum tensor: 
T(z) = T N=2 (z) + ^dJ(z), where T N=2 (z) is the energy- momentum tensor of the N = 2 
model with central charge c N=2 = 6(1 + 3a 2 ). The OPEs of the twisted N = 2 algebra 
are given by: 

T{z)T{w) = - + + ..., 

(z — w) z z — w 

T{Z)J{W) = z!iI±^> + ^> + «W + ..„ 

[z — wy (z — w) z z — w 

— u>) z z — w {z — w) z z — w 

j / \ j / v 2(1 + 3a 2 ) . ,^ ± . . ±G ± H 

(z — w) 2 z — w 

G+{z)G~{w) = 2 / (1 + 3 f 3 ) +-^ + ^ + ..., G ± (^)G ± H= regular. (5) 
(z — u>) (z — w) z z — w 

The OPEs between N = 2 currents and ^-currents are 

t/xtt, / n 2a 2 (l + 3a 2 ) (l + 3a 2 )J(w) 
(z — w) 6 (z — 

(i + 3a 2 )G + H w + m 
H = — / — + + •••> 

r/ \ti/ , \ (l + 2a 2 )G-(w) -W~(w) 
(z — w) 2 z — w 

7(,\W(,n\ 4a 2 (l + 3a 2 ) (l + 4a 2 )J( W ) 2W 2 ( W ) + (1 + 2a 2 )T( W ) 

J(zJM/ 3 («;J = — - 1 - 1 - h...,(bj 

(z — u>) 4 (z — w) 6 (z — w) z 

T(AW (, n \ - 2fl2 ( 1 + 3a2 ) , -(l + 2a 2 )JH 2W 2 (w) dW 2 (w) 

1{Z)W 2 {W) = 1 h ~, r^H h..., 

[z — [z — w) 6 [z — w) z z — w 

mw+(w) = -a+w*') + to + g^M + ..„ 

(z — w) 6 (z — w) z z — w 
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m, w„ / x -G~(w) 3W-(w) dW-(w) 

T(z)W-(w) = ^ + ? y -t + ^ + ..., 

(z — wy (z — w) z z — w 

T(AW (m) ~ T{W) 4. 3W ' {W) 4 9W ^ W) 4 (7) 

G + (z)W 2 (w) = ~ W+ ^ + ,,, ? G + (2) H = regular, 
z — w 

— -U7) 4 (z — lUj' 3 — U>) 2 2 — W 

(z — iu) d (z — 

^ / Mir / \ a 2 G~(w) W~(w) _ , XTI ^ , . . 

G (z)W 2 (w) = - + + G (z) W (w) = regular, 

{z — wy z — w 

G- (Z) W+( W ) = 2 B '(l + y) + (l + 2.VW 

(2 — u>) (z — lU^ 

-2W 2 (w) + q 2 T(w) W 3 (w) -dW 2 (w) 
(z — u>) 2 2; — w 

G (z)W 3 (w) = ^ + 4f + ^ + . . . . 8 

(z — w) A (z — w) 2 z — w 

Let us discuss the OPEs for W^-currents. First we write down the OPEs between W 2 and 

{ W 2 , W ± , W 3 }: 

1 + 4a 2 - a 4 - 12a 6 



W 2 {z)W 2 {w) 



(z-wY 



-2(1 + a 2 )W 2 (w) + (1 + 2a 2 ) [(J J) + 2a 2 dJ](w) 



(z — w) 
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-(1 + a 2 )dW 2 (w) + (1 + 2a 2 ) [(dJJ) + a 2 d 2 J] (w) , n . 

H h • • • , (9) 

z — w 

W 2{Z)W+{W) = (l-4 a ^W + -(l + ^) W -- + W + (l + 2^)(J G+ )(u,) 

(z — w) 6 (z — w) 2 

(JW+)(w) - (G + W 2 )(w) + (1 + 2a 2 ){dJG + ){w) - dW + {w) 

z — w 

ur( ^ -(l + 2a 2 )G"H 

W 2 (z)W (w) = - 



+ ...,(10) 



(z — w) 3 

-(1 + a 2 )W~{w) + (1 + 2a 2 ){JG'){w) + q 2 (l + 2a 2 )dG'{w) 

(z — w) 2 

+-^ + .., (11) 
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2(1 + 4a 2 -a 4 - 12a 6 ) (l + 2a 2 )J(w) 

W 2 (z)W 3 (w) = -± - L + — ( -rr^ 

(z — w) b (z — w) 4 

-2(1 + a 2 )W 2 (w) + (1 + 2a 2 )[-a 2 T + (JJ) + 3a 2 dJ](w) 

(z — w) 3 

+ r i ^ + ^ i ^ + ..., (12) 
[z — wr z — w 



where 



2 [7(w) = -(JW~)(w) + (G~W 2 )(w) - (1 + a 2 )dW~(w) 



(i) 



+ (1 + a 2 ){dJG~){w) + a 2 {JdG-){w) + a 2 (i + a 2 )d 2 G~(w), 



Q 2 i(w) = -W 3 {w) + {JW 2 ){w) - dW 2 {w) - a 2 {G + G-)(w) + (1 + a 2 ){JT){w) 



la 2 

+a 2 dT{w) + (1 + 2a 2 )[{dJJ) + ^-d 2 J}{w), 



2 ^(w) = (G + W-)(w) + (G-\V + )(w) + a 2 (dG-G + )(w) + (dJW 2 )(w) - dW 3 (w) 

+ (1 + a 2 )(dJT)(w) + (a 2 + h(d 2 JJ)(w) + a 2 (a 2 + hd 3 J(w). (13) 

Here a normal ordered product (AB)(z) for two generators A(z) and B(z) are defined as 

= rdwA^m 
y n J J 2iri w - z v ' 

Second the OPEs among fermionic W^-currents W ± are given by 

w+Mw+m = -(i + ^)(GW)M + 2( G n^)M + 
^-(,)w- W = -(G-ac-)M-2(G-ty- )W+- 

^JW-W = 2(l + 4^-^-12 a ») + (l+2aV W 

(z - wf (z- w) 4 

(1 + a 2 - 2a 4 )T(w) - 2(1 + a 2 )W/ 2 (w) + (1 + 2a 2 ) [(J J) + 3a 2 dJ](w) 

(z — w) 3 

+ t^ 1 4 + ^^ 1 + ..., (15) 

[z - wy z — w 

where 

Oj'fH = a 2 H/ 3 H - cW 2 (u>) + (Jiy 2 )(w) + (1 + a 2 )(G + CT)H 
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3n 2 

-a 2 {JT){w) - 2a 4 dT{w) + (1 + 2a 2 )[{dJJ) + ^-d 2 J](w), 
Opr(w) = (JW 3 )(w)-(TW 2 )(w) + (dJW 2 )(w) + a 2 dW 3 (w)-a 2 (dTJ)(w) 



+ (1 + a 2 )(dG + G-)(w) - a 4 9 2 TH + (a 2 + ^)(<9 2 JJ) + a 2 (a 2 + ^)9 3 J(w). (16) 

Z o 



Third the OPEs between W ± and are 
(l + 2a 2 )G+H 



(2- w) 4 

-2(l+a 2 )W + (w) + (l + 2a 2 )[(JG+) + (G+J) + 3a 2 dG + ]{w) 



(z — w)' c 



(z — w) 2 z — w 



= 4(1 ± 2 ° 2)( ; w + 2(1 +*»'>«;-(»> + + m + 

(z — u>) 4 (z — w) 6 (z — w) 2 z — w 

(17) 

where 

Opf(w) = -dW + {w) + {JW + ){w) + (G + W 2 ){w) + {TG + ){w) 

1 In 2 

+ (1 + 2a 2 )[(0JG+) + (dG + J)](w) + (-- + — + 3a 4 )9 2 G + ( W ), 

_ Z 

0+f (w) = [(G + W 3 ) - (TW + ) + (dJW + ) + {dG + W 2 )}{w) + (1 + a 2 ){dG + T){w) 

1 2a 2 
-a 2 (dTG + )(w) + (- + a 2 )[(d 2 JG + ) + (<9 2 G + J)]M + (a 4 + _)9 3 G+(«,), (18) 
^ o 

and 

\ 2 ) 



Or 2 f(w) = 2{JW-){w) + {G-T){w) + 2a 2 dW-{w) 



+(dG-J)(w) - (dJG-)(w) + 2a 2 d 2 G~{w), 



0-f(w) = -(G~W 3 )(iu) + (3W")(w) + (J<9W~)(u>) + (dJW~)(w) + (dG~T)(w) 



1 1 2<7 2 

+a 2 cW~H + -{&G-J)(w) - ~{d 2 JG-){w) + — &G~(w). (19) 

Z Z O 

Finally the OPE between W3 and itself is found to be 

WMw) = 4(l + 2a')r W + ^l|M + + + . . . , (20) 

(z — wp (z — W) d [Z — W) 2 Z — W 
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where 



0$(w) = 2(JW 3 )(w) - 2(G + W')(w) + (TT)(w) - (dJT)(w) + (dTJ)(w) 
+2a 2 dW 3 {w) + 2a 2 d 2 T(w) + \(dG + G-) + (dG-G + )](w), 



OgH = -^H--(l + 2a 2 )9 3 TH. (21) 



The equations ©-© and (|9|)- (|2l|) complete the operator product expansions of the N = 2 
super W 3 algebra. It is easy to see that the present definitions of the VT-currents @ give 
the Poisson algebra structure with quadratic relations in the classical limit of a 2 — > — oo 
0- 

Note that in the present definitions @, the PF-currents are quasi-primary fields with 
respect to the energy- momentum tensor T N=2 (z). One may add suitable differential 
polynomials of the currents to these VT-currents in order to get a N = 2 supermultiplet 
{W 2 ,W±,W 3 } 10: 



w 2 


= w 2 - 


w + 


= w + + 


w~ 


= w~ - 


w 3 


= w 3 - 



±gj - 3 + 8a- (l-2^)(l + 3^) 

2 2(5 + 18a 2 ) v ; 5 + 18a 2 

(l-2a 2 )(l + 3a 2 ) gc+ _ 3 + 8a 2 

5 + 18a 2 ' " 5 + 18a 21 h 
l + 6a 2 + 12a 4 _ 3 + 8a 2 . r _. 

— oG n(JG , 

5 + 18a 2 5 + 18a 2V ; 

3 + 13a 2 + l8a*_ dTN=2 _ (2 + 3a 2 )(l + 2a 2 ) ^ 



2(5 + 18a 2 ) 4(5 + 18a 2 ) 

From (p2|) and the OPEs for the ^-currents, we may compute the operator product 
expansions for the N = 2 super- mult iplet {W 2 , W , W 3 }. After some calculations, one 
finds that these operator product expansions coincide with the results of the OPE method 



14]. For example, one gets 



i?.Wi?.M = 7^ + £^ + ^^ + ..., (23) 

(z — wp [z — w) 1 z — w 
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where f> = and 

^22/ x 6(l + 2a 2 )(l + 5a 2 )~ , , 2c JV=2 /? 2 ,v_ 2 1 , TT ... , . „ 



The relation between the present definitions and those in ref. |TJ]] is given by formulae 
(J,G+,G-,T N = 2 ) = (J,V2G,V2G,T) and {W 2 , W+, W~, W 3 ) = -/3(V,s/2U,y/2U, W), 
where (J, G, G, T) and (V, U, U, W) are the N = 2 primary ly-currents in ref. ||14|| . 

It is known that the A(n\n — 1) Miura transformations give the Feigin-Fuchs repre- 
sentation of the N = 2 CP n super coset models^] for a 2 = —l/(k + n + 1) @, |[. In 



these CP n coset models there is a kind of duality relation such that { CP n models at level 
k — 1 } = { CP\ models at level k = n} |I8]| . In the case of n = 2, we get a 2 = —1/4. 
It easy to see that the V^-currents W2, W + , W~ , W3 have no central extensions and be- 
come zero-norm fields at this duality pointfl. Therefore we expect that these VT-currents 
decouples from the representations of N = 2 super- W3 algebra^. But in order to check 
the decoupling we need to investigate the structure of the Verma modules more carefully, 
which is left for further investigation. 

Although the present free field realization is obtained from the super symmetric Miura 
transformation (|2|), the algebra does not depend on the particular free field realization 
of U\, Gf and T]_. This suggests the existence of other types of the free field realization 
of iV = 2 super-M/3 algebra, which would be useful for studying the quantum topological 
H^-gravity theory. 

The author would like to thank Wolfgang Lerche and Xiang Shen for useful discussions 
and the CERN Theory Division for its hospitality, where a part of this work was done. 



1 A similar phenomena has been observed in the case of Z]~ parafermions . The author would like 
to thank Wolfgang Lerche for pointing out this fact. 



8 



References 

[1] T. Inami, Y. Matsuo and I. Yamanaka, Int. J. Mod. Phys. A5 (1990) 4441; 

[2] K. Ito, Phys. Lett. B259 (1991) 73; Nucl. Phys. B370 (1992) 123. 

[3] D. Nemeschansky and S. Yankielowicz, USC preprint USC-91/005. 

[4] K. Li, Phys. Lett. B251 (1990) 54; Nucl. Phys. B346 (1990) 329. 

[5] M. Bershadsky, W. Lerche, D. Nemeschansky and N.P. Warner, preprint CERN- 
TH.6694/92. 

[6] For review, see P. Bouwknegt and K. Schoutens, Phys. Rep. 223 (1993) 183. 
[7] A.B. Zamolodchikov, Theor. Math. Phys. 63 (1985) 1205. 

[8] V.A. Fateev and A.B. Zamolodchikov, Nucl. Phys. B280 [FS18] (1987) 644; V.A. Fa- 
teev and S.L. Lukyanov, Int. J. Mod. Phys. A3 (1988) 507. 

[9] H.G. Kausch and G.M.T. Watts, Int. J. Mod. Phys. A7 (1992) 4175. 

[10] M. Bershadsky and H. Ooguri, Comm. Math. Phys. 126 (1989) 429. 

[11] T. Inami and H. Kanno, J. Phys. A25 (1992) 3729; K. Hiutu and D. Nemeschansky, 
Mod. Phys. Lett. A6 (1991) 3179; J.M. Figueroa-O'Farill and E. Ramos, Nucl. Phys. 
B368 (1992) 361; A. Das and W.-J. Huang, Mod. Phys. Lett. A7 (1992) 2159. 

[12] H. Lu, C.N. Pope, L.J. Romans, X. Shen and X.-J. Wang, Phys. Lett. B264 (1991) 
91. 

[13] K. Ito, NBI preprint NBI-HE-92-77, to appear in the proceedings of the International 
Workshop "String Theory, Quantum Gravity and the Unification of Fundamental 
Interactions" Rome, September 21-26 (World Scientific, Singapore) 



9 



[14] L.J. Romans, Nucl. Phys. B369 (1992) 403. 

[15] S. Odake, Soryushiron Kenkyu (Kyoto) 78 (1989) 201 (in Japanese). 

[16] J. Evans and T. Hollowood, Nucl. Phys. B352 (1991)723; S. Komata, K. Mohri and 
H. Nohara, Nucl. Phys, B359 (1991) 168. 

[17] H. Lu, C.N. Pope, X.-J. Wang and K.W. Xu, Nucl. Phys. B379 (1992) 24. 

[18] Y. Kazama and H. Suzuki, Nucl. Phys. B321 (1989) 232. 

[19] F.J. Narganes-Quijano, Ann. Phys. 206 (1991) 494. 



10 



